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An Efficient Two-Dimensional Graded Mesh
Finite-Difference Time-Domain Algorithm
for Shielded or Open Waveguide
Structures

Veselin J. Brankovic, Dragan V. Krupezevic, and Fritz Arndt, Senior Member, IEEE

Abstract—A finite-difference time-domain (FD-TD) algorithm
is described for the efficient full-wave analysis of a comprehen-
sive class of millimeter-wave and optical waveguide structures.
. The FD-TD algorithm is based on a two-dimensional graded
mesh combined with adequately formulated absorbing bound-
ary conditions. This allows the inclusion of nearly arbitrarily
shaped, fully or partially lateral open or shielded guiding struc-
tures with or without layers of finite metallization thickness.
Moreover, lossy dielectrics and/or lossy conductors are in-
cluded in the theory. The algorithm leads to a significant re-
duction in cpu time and storage requirements as compared with
the conventional three-dimensional eigenvalue FD-TD mesh
formulation. Dispersion characteristic examples are calculated
for structures suitable for usual integrated circuits, such as in-
sulated image guides, ridge guides, dielectric waveguides,
trapped image guides, coplanar-lines and microstrip lines. The
theory is verified by comparison with results obtained by other
methods. ‘

I. INTRODUCTION -

HIELDED, open or partially open waveguide struc-
\Jtures of the class shown in Fig. 1 have found increas-
ing interest for integrated circuit applications in the mil-
limeter-wave and optical frequency range [1]-{17]. As this
class includes a wide variety of specially shaped wave-
guiding structures used, in the design of integrated cir-
cuits, it is highly desirable to dispose of a reliable com-
puter analysis which is sufficiently general and flexible to
allow dominant and higher-order mode solutions of all de-
sired cases including open or partially open structures.

Various methods of analyzing one or several of the
structures of Fig. 1 have been the subject of many papers,
including different kinds of mode-matching techniques
[1]-[10], [13], the finite-clement method [11], the finite-
difference frequency-domain method [12], [14]; [15], and,
more recently, the finite-difference time-domain (FD-TD)
method [18]-[28]. As for the criteria of flexibility, accu-
racy and computational efficiency, the FD-TD method is
considered to be a very appropriate candidate for solving
the waveguide eigenvalue problems with particular cross-
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Fig. 1. The class of shielded, partially or fully open millimeter-wave and
optical waveguide structures investigated with the new 2-D FD-TD method.
(a) Shielded insulated image guide. (b) Lateral open ridge guide. (c) Open
dielectric waveguide. (d) Lateral open microstrip line. (e) Coplanar line.
(f) Open trapped image guide.

sectional shapes, such as those shown in Fig. 1. The con-
ventional FD-TD approach, however, utilizes a three-di-
mensional Yee’s mesh for appropriate resonating sections
which may be obtained by placing shorting planes along
the axis of propagation of the structure under investiga-
tion. By repeating the calculation of the resonant fre-
quency of these resonators for different distances of the
shorting planes, the dispersion characteristic is then de-
termined step by step. Consequently, the conventional ap-
proach: requires considerable cpu time, needs a relatively
large memory size, and tends to inaccuracies in the near
of the cutoff frequencies. \

A new two-dimensional FD-TD formulation has been
introduced very recently [30] which helps to alleviate the
above mentioned shortcomings of the conventional FD-
TD approach, similar to [29], [33] where a 2-D TLM

" analysis has been described. Although many similarities

exist between the TLM and the FD-TD method, cf. e.g.
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[17], [31], the new 2-D FD-TD approach has the advan-
tage of being nearly an order of magnitude faster than the
2-D TLM method. Moreover, the numerical difficulties in
‘the field simulation in the vicinity of conductive edges
reported in [32] for the classical TLM condensed node
formulation (which is used also in [29], [33]) are inher-
ently avoided by the 2-D FD-TD formulation presented
in this paper.

- The purpose of this paper is to extend the two-dimen-
sional FD-TD method introduced in [30] by involving ad-
equate absorbing boundary conditions, a graded mesh al-
gorithm and-an efficient calculation procedure for lossy
structures.” The inclusion of absorbing boundary condi-
tions allows a simple, flexible, and versatile FD-TD so-
. lution for analyzing the complete class of shielded, par-
tially or fully open waveguide structures of Fig. 1. The
graded mesh petmits the investigation of structures with
realistic dimensions by making the mesh finer in regions
of particular interest. Losses are an important factor in
modern circuit design. Numerical results will be pre-
sented to elucidate the usefulness of the method. The the-
ory is verified by comparison with results available from
other methods.

II. THEORY

A. Two-Dimensional FD-TD Mesh Formulation

The usual FD-TD method is formulated by discretizing -

Maxwell’s curl equations over a finite volume and ap-
proximating the derivatives with centered difference ap-

proximations. This leads to the known three-dimensional -

Yee’s mesh [18] in various modifications [19]-[28].
In order to derive the new two-dimensional FD-TD

mesh formulation, we utilize the relationships between the -

transverse fields E and H of a guided wave travelling in
+z direction (F1g 2)

t(z + Al) = E {2)

4=jBAl

Hiz + Al = B « ™%, 1)

By applying Yee’s formulations, e.g. in the form of [21]
for anisotropic structures, a set of FD-TD equations for
the six components H and E is then derived. The result is
shown for H, as an example,

H PG, 5+ 1/ = B VG + 1/

' + 5/l J + 1/2) - Zpo]
AEYL G+ 1/2) - e 7P — 1]
+ Eyi, j) — EG,j + 1}, @

~ where the stability factor is s = cAr/Aw with Aw = Ax
= Ay = Al, c is the velocity of light, Zg, is the charac-
‘teristic impedance of free space, and p,, is the diagonal
element of the relative permeability tensor. The condition
for stability in free space for a uniform mesh is s <

1/ V3 [21]. The remaining finite difference equations re-
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Fig. 2. New two-dimensional /Fl')-TD mesh (i, j) for solving 2-D eigen-,‘
value problems of waveguiding structures.

lated to the other five field components can be similarly

‘calculated.

B. FD-TD Foimulation of the Absorbing Boundary .
Conditions

For simplification, the equations of the boundary con-
ditions are given only for the x-direction. In y-direction,
the equations may be found analogously. Following Mur
[20], we assume that the mesh is located in the region x
> 0, that the boundary conditions are given for the plane
x = 0, and that the outgoing wave has normal incidence.
We then obtain the approximation for the boundary con-
dition which would determine each field component W on
the outer surface. This is consistent with an outgoing wave
(i.e. this is absorbed), in the following form [20]:

(o 2w
pr

where v, is the phase velocity in x-direction.

The finite-difference formulation of (3) may be written
in terms of the tangential electrical field components in
the subregions 1) (outer region), and 2) (mesh region) as
Uy AT — Ax
U At + Ax

=0, 3

x=0

EWt' = E} + (E5T - ED. @)

For the grad"ed mesh, the following ‘approximation of
equation (4) is used
| Sxioe — Y €xioc

Sxloc + €xloc

where 5., is the local stability factor s.,. = cAt/(Aw -
Ploc), With the local graded mesh scaling factor py,., and "
where €, is the local relative premittivity in x-direction.

El =B+ 2 X EyT - ED, ()

C. Graded Mesh Algorithm ‘

In order to improve the computational efficiency; a
graded mesh has turned out to be very advantageous [26].
This is particularly true for open structures where, if nec-
essary, the enclosing absorbing boundary box is made suf- -
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ficiently large so that the conditions mentioned above may
be adequately satisfied. The basic structure of the FD-TD
equations is similar to that of the uniform mesh with the
exception that the uniform mesh parameters Aw = Ax =
Ay = Al are replaced by Ax = pAw, Ay = gAw, Al =
rAw, with the graded mesh scaling factors p, ¢, r.

With these relations, the set of FD-TD equations for
the six components H and E is given in the form (e.g. for
H)) of

H V26, 5+ 1/2)
= H'"7 V50, + 1/2) + 5/Tpeli, j + 1/2) + Zgo

: 8 EYi,j+ 1/ - e — 1)

+ ‘1] [E3G, j) — E2G,j + l)]}- (6)

In order to maintain numerical convergence, the stabil-
ity factor has to be chosen on the basis of the smallest
mesh parameter. To ensure continuity of fields across the
interfaces between coarse and fine meshes, space aver-
aging [28] is applied.

D. FD-TD Formulation for Lossy Structures

For deriving the FD-TD equations for lossy structures,
two approaches are possible: The first approach differs
between a) lossy dielectric regions (with the conductivity
op << we) and b) lossy metal regions (with the finite con-
ductivity oy, >> we). 2) The second, more general ap-
proach includes both cases simultaneously. In our calcu-
lations we used the general approach which has the
advantage that only one formulation is necessary for the
whole lossy structure.

By applying the Maxwell equations and Yee’s formu-
lations, we obtain for the component E,, as an example:
a) In the case of a lossy dielectric region (6p << we):

E}T,j+ 1/2) ’
~ |1 - el 2B g+ 1
€ en(i, j +1/2) .

s

4 ——"—— . Z. - DH

where
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The more general approach is obtained, assuming
EIY2G, 5+ 1/2)
=3lEYTG )+ 1/2) + ENG G+ 1/2),

by the following equation where ¢ denotes the finite con-
ductivity for lossy dielectric or metall regions

EMNi G+ 1/2)
At o(j+1/2)

1__
20 €4, + 1/2)
= - CENi j+ 1/2)
1_{_£'<7(1,]+1/2) .
2¢g 6,0, + 1/2)
SZFO
eni,j + 1/2)
- - DH. 9
LA e+ 1/2) ©

26O Ery(i7 .] + 1/2)

The attenuation factor « of lossy structures is then cal-
culated via the quality factor by using the equations al-
ready outlined in [33]. For the determination of the qual-
ity factor, however, an exponential regression procedure
is used, i.e., for the corresponding resonance frequency,
the envelope of the signal curve is evaluated by integra-
tion over several time periods. This yields high accuracy.

The principal numerical calculation steps in the two-
dimensional FD-TD algorithm are similar to those in the
conventional FD-TD approach with the exception that a
propagation factor 8 has to be selected first (the choices
of B are indicated in the figure legends). After launching
an excitation pulse, waiting until the distribution of the
pulse is stable and performing the Fourier transformation,
the modal frequencies related to the selected propagation
factor are obtained. The mesh for the pulse propagation
iteration needs only to be built up in the cross section x,
y dimension, the number of nodes in z direction is reduced
to +1. Also it should be emphasized that the amplitudes
of all field components in the new formulation are com-
plex quantities.

ITII. RESULTS

Good agreement between our 2-D FD-TD dispersion
results and those of the FD-frequency domain method [14]

DH
’

and Ax = pAw, Ay = qAw, Al = rAw, s: stability factor,
€ = €,€g-
b) In the case of a lossy metallic region (g, >> we):
EVTNi,j+1/2) = —ENG.j + 1/2)
2
+ — :
Away (i, j + 1/2)

DH.
®)

_HT'PG 1/ = M HITG 4 1/2, 5+ 1/2) —HEVP G- 1/2,5 4 1/2)

p

may be observed in Fig. 3 for the shielded insulated im-
age guide. Fig. 4 shows the dispersion curves for different
permittivities for the lateral open dielectric ridge guide.

_ The results of the FD-TD method for a relatively low dis-

tance of the absorbing boundaries ¢ = 5 h (i.e. only 2 h
distance from the ridge) compare well with those obtained
by the FD frequency domain method [14] for the shielded
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Fig. 3. Shielding insulated image guide. w/h = 2.25,d/h =0.5,a/h =
13.5,b/h = 8, ¢, = 3.8, ¢, = 1.5. discretization: 54 X 64. Number of
iterations N; = 1000. Comparison with the FD frequency domain method
[14]. (Choice of the propagation constant: B = 0.5/k - - - 5/h, ine.g. 20
intermediate steps.)
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Fig. 4. Lateral open dielectric ridge guide. w/h =2,d/h = 1,b/h = 6.
Discretization: 60 X 72. Number of iterations N; = 2000. Distance of the

absorbing boundaries'a = 5 h. Comparison with the FD frequency domain -

method [14] for the shielded dielectric ridge guide, lateral shield distance
= 100 h. (Choice of the propagation constant: 8 = (0.3 ve,)/h - - -

(3.8 Ve, ) /h, in e.g. 20 intermediate steps.)

dielectric ridge guide where the lateral shield distance is
= 100 h. These curves are considered to verify the ab-

sorbmg boundary formulations made for the 2-D FD-TD -

method. .

As an example for open structures, Flg. 5 presents the
EY;-mode dispersion curves for a -dielectric guide. A
graded mesh was used with a mesh ratio for the dielectric
kernel (e, ) to. the outer region of 1 to 5. The normalized
dispersion curves, B = [(B/ky)* — 11/(e,; — 1) versus
V = kpave,; — 1, are plotted for different discretiza-
tions: 1 (8 X 16), 2 (16 X 32), 3 (40 X 80). The absorb-
ing boundary is located in a distance of 5a/2. The com-
parison with the FD frequency domain method [14] for
the shielded dielectric waveguide (shield distance 100a)
demonstrates good agreement with the discretization case

.. number 3.

Fig. 6 shows the EH;- and HE\-mode normalized prop-
agation factor as a function of frequency for a realistic
mm-wave shielded coplanar line with finite metallization
thickness. Due to the finite thickness included in the 2-D
FD-TD method, there are slight deviations in comparison
with own calculations by the spectral domain approach
(SDA) for r = 0. Two slot widths w; and w, are included
in the calculations in order to demonstrate the flexibility
of the method also for varying typical structure dimen-
sions.

In principle, the limitations of the applicability of the
method—like for all time domain methods—are given by
the limited storage and cpu time capabilities of the com-
puter and by the fact of decreasing accuracy concerning
the propagation factors of the higher-order modes with
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Fig. 5. Open dielectric guide a = b, ¢, = 13.1 ¢4, €2 = €. Normalized
dispersion curves of the £Y,-mode, B = [(B/ko)* — 11/(e,, — 1) versus V

. = koaWe, — 1, of the single dielectric waveguide for different discreti-

zations: 1 (8 x 16), 2 (16 x 32), 3 (40 X 80). Comparison with the FD
frequency domain method [14] for the shielded dielectric waveguide, shield
distance 100a. Absorbing boundary in distance 5a/2. Number of iterations
N, = 2000. Graded mesh ratio for the dielectric kernel: 1:5. (Choice of
the propagation constant: 8 = 2/a - - - 15/a, in e.g. 20 intermediate
steps.)
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Fig. 6. EHy- and HE|-mode normalized propagation factor for the shielded
coplanar line with finite metallization thickness ¢ for different slot widths
w = w,, w,. (For EH,, the two curves are identical within the drawing
accuracy of this figure.) Dimensions: a = 0.8636 mm, b =0.4318 mm, s
= 0.072 mm, d = 0.126 mim, ¢+ = 0.018 mm, ¢, = 3.7, w, = 0.09 mm,
w, = 0.144 mm. Discretization: 96 X 24. Number of iterations N, = 2000.
Comparison with own calculations with the Spectral Domain Approach
(SDA) for t = 0. (Choice of the propagation constant: = 0 -+ + 7800

1/m, in e.g. 20 intermediate steps.)

increasing order. The computer requirements, however,
are significantly reduced by utilizing the 2-D FD-TD
method described in this paper and: by 1ntroduc1ng a
graded mesh.

A shielded and a lateral open mlcrostrlp line is calcu-

lated in Fig. 7. The influence of the lateral shield on the

expanded normalized propagation factor ratio B [%] =
100 - (Ve, — (B/ko)) / Ve, as a function of frequency is

- demonstrated for typical dimensions for mm-wave appli-

cations. For a distance ¢ with more than about ten times
the half strip width, the influence of the lateral shield be-

‘comes negligible and tends to values: obtained with the

lateral absorbing boundary (curves 4, 5).

The 2-D FD-TD method presented in this paper may
be utilized to calculate the characteristic impedance. After
performing the Fourier transformation at the correspond-
ing modal frequency, in each point of the mesh, the com-
plete set of electric and magnetic field components is ob-
tained. Dependent from the chosen definition of the
characteristic impedance, the related integration can be

carried. out numerically. This procedure has already suc-

cessfully been tested for the shielded microstrip line by
using  the voltage-current definition. Because this topic
would be beyond the scope of this paper, results will be
presented in a further paper.
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Fig. 7. Shielded and lateral open microstrip line. Influence of the lateral
shield on the expanded normalized propagation factor ratio B [%] = 100

(\/e— - (B/ko))/\/: as a function of frequency for a single microstrip
line. Dimensions: w .= 0.16 mm, height b = 0.192 mm, ¢, = 3.7, h =
0.128 mm. Shield distances ¢: 1 (¢ = 0.248 mm = 31A0),2 (¢ = 0 328
mm = 41Al), 3 (¢ = 0.408 mm = 51Al), 4 (¢ = 1.28 mm = 160A[). 5:
Lateral open structure (curves 4 and 5 are identical within the drawing

accuracy of Fig. 7.) (Choice of the propagation constant: B = 3800 - - -
9800 1/m, in e.g. 20 intermediate steps.)
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Fig. 8. Open trapped image guide. E7,-mode normalized propagation fac-
tor as a function of frequency. Dimensions: ¢ = b = ¢ = 6 mm, h = 7
mm, ¢, = 2.23. Discretization: 54 x 42. Distance of the absorbing bound-
aries d = 6 mm, ¢ = 7 mm. Number of iterations N; = 1200. Comparison
with [13]: [J 03 OJ combined effective dielectric constant transverse reso-
_ nance method, O O O effective dielectric constant method. (Choice of the
propagation constant: B = 200 - + - 550 1 /m, ine.g. 20 intermediate steps.)
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Fig. 9. Waveguide filled with a lossy dielectric. Attenuation factor v and

propagation factor B as a function of frequency. Comparison with the TLM
method results (O O O, X X X) of [33] and with the exact results (+ + +,
00 0O O) obtained analytically. Parameters: a = 60 mm, b = 40 mm, e,
=4, ¢ = 0.02 S/m. Discretization: 30 X 40. Number of iterations N, =
8000. (Choice of the propagation constant: B = - 90 {/m, ine.g.
20 intermediate steps.)

Fig. 8 shows the FJ;-mode normalized propagation fac-
tor as a function of frequency for the open trapped image
guide. The results compare well with those calculated in
[13] with the transverse resonance effective dielectric
constant techniques.

As an example where exact results are .available, a
waveguide filled with a lossy dielectric is investigated in
Fig. 9. The attenuation factor o and propagation factor B
calculated with our method as a function of frequency are
compared with the TLM method results of [33] and with
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the exact results obtained analytically. The curves in Fig.
9 verify the presented FD-TD method also for lossy struc-
tures by excellent agreement with the exact results.

CONCLUSION

A very efficient finite-difference time-domain formula-
tion is presented for the full-wave analysis of shielded or
open waveguiding structures. Lossy dielectrics and/or
lossy conductors are included in the theory. This method
utilizes advantageously a two-dimensional instead of the
original three-dimensional Yee’s mesh combined with ad-
equately formulated absorbing boundary conditions and a
graded mesh structure. The algorithm leads to a signifi-
cant reduction in cpu time and storage requirements as
compared with the conventional three-dimensional eigen-
value FD-TD mesh formulation and allows the inclusion
of nearly arbitrarily shaped, fully or partially lateral open
or shielded guiding structures with or without layers of
finite metallization thickness. Dispersion characteristic
examples for structures suitable for usual integrated cir-
cuits, such as insulated image guides, ridge guides, di-
electric waveguides, trapped image guides, coplanar-
lines, and microstrip lines elucidate the usefulness of the
method. The theory is verified by comparison with results
available from other methods.
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